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In order to investigate the role of initial quantum coherence in work probability distribution, it
is necessary to explicitly consider a concrete measurement apparatus to record work rather than
implicitly appealing to perform an energy measurement. In this paper, we consider a harmonic
oscillator with coherent or squeezing state as measurement apparatus, and propose a unified frame-
work of quantum work statistics for arbitrary initial state. We prove that work is proportional to
the change of the real part of coherent state parameter, i.e., quantum work can be estimated by the
coherent state parameter. The resulting work probability distribution includes the initial quantum
coherence, and can be reduced to result of traditional two projective energy measurement (TPM)
by squeezing the state of the harmonic oscillator. As an application, we consider a driven two-level
system and investigate the effects of driving velocity on work statistics. We find that only when the
driving velocity matches the transition frequency of the system can initial quantum coherence play
an important role.
I. INTRODUCTION
Triggered by recent advances in the coherent manip-
ulation of elementary quantum systems [1–3], out-of-
equilibrium quantum thermodynamics has been arouse
enormous research interest recently [4]. The concept of
work is one of the cornerstones of thermodynamics. To
extend it and its fluctuation theorems to the quantum
domain is of fundamental importance in quantum ther-
modynamics. Different from the classical case, it is very
hard to define work in the quantum regime, because work
is not an observable [5]. Traditionally, to determine the
work in the quantum regime one needs to perform two
projective energy measurement (TPM) at the beginning
and the end of the external protocol [6, 7]. Based on
TPM, the quantum extension of fluctuation theorems is
obtained, see the reviews [6, 7] for detail discussion, and
these fluctuation theorems have been experimentally ver-
ified in various systems [8–14]. However, the initial quan-
tum coherence is destroyed by the first measurement, and
therefore the work fluctuation relation obtained by TPM
is not “quantum” to some extent. And due to the severe
impact of projective measurement on the system dynam-
ics, the first law of thermodynamics can not be satisfied.
In order to include the effects of initial quantum coher-
ence, a lot of efforts have been made. Replacing projec-
tive measurement by weak measurement [15, 16], a part
of quantum coherence can be preserved, but the impact
of measurement can not be eliminated. Based on the fact
that work is a process accumulated quantity, Refs. [17–
19] defined the work by the integral of the injected power
during the evolution, and obtained the quantum work
distribution including initial quantum coherence. Anal-
ogy to classical trajectory in phase space, Sampaio et al.
∗
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gave the quantum trajectory using quantum Hamilton-
Jacobi theory, and defined work as the power integrated
along the trajectory [20]. The resulting work distribu-
tion is valid for any quantum evolution, including those
with coherence in the energy basis. Notably, all the work
distribution above can not satisfy the first law of ther-
modynamics and nonequilibrium fluctuation theorem at
the same time. In fact, for a work distribution includ-
ing initial coherence the first law of thermodynamics and
nonequilibrium fluctuation theorem are mutually exclu-
sive [21–23]. This incompatibility sheds light on the cru-
cial roles of quantum measurement and quantum coher-
ence, and the necessity of explicitly considering an aux-
iliary system as a measurement apparatus rather than
implicitly appealing to perform an energy measurement.
Already several works suggested the use of ancillas as
the measurement apparatus for extracting the statistics
of work. In Refs. [24, 25] the Ramsey scheme using an
auxiliary qubit was proposed to measure the work char-
acteristic function. Its experimental realization with nu-
clear magnetic resonance was reported in Ref. [8]. In
Ref. [26] a different approach was taken in which a de-
tector, for example the momentum of a quantum particle
or a light mode [27], is coupled to the system to extract
directly the work probability distribution after a single
measurement of detector position at the final time. This
scheme was recently realized with cold atoms [13]. Al-
though initial quantum coherence of the system gives rise
to interference between the position eigenstates of the
detector, its effect on work distribution can not be ob-
tained by measuring detector position because position
eigenstates are orthogonal to each other. For this, Soli-
nas et al focuses on the phase accumulated between the
position eigenstates, and obtained quantum work distri-
bution for arbitrary initial state by using full counting
statistics method [28–31]. However, this resulting work
distribution is a quasidistribution because negative prob-
2ability appears. The effect of initial quantum coherence
on work probability distribution is still an open question.
Since measuring the orthogonal states can not obtain the
effect of initial quantum coherence, one may ask whether
the initial quantum coherence can be recorded and mea-
sured by the nonorthogonal state. It is well known that
coherent and squeezing states are typical nonorthogonal
states [32–36], and are widely used in quantum optics
[37]. Very recently, coherent and squeezing states are
used to establish autonomous quantum Crooks theorem
[38–41]. Coherent or squeezing state is the quantum ex-
tension of classical phase space [32–36], the study of work
distribution in coherent or squeezing state has a direct
correspondence with the classical case. In present pa-
per, we we consider a harmonic oscillator with coherent
or squeezing state as the detector to record work and
study the role of quantum coherence in work probability
distribution.
This paper is organized as follows: In the next section
we give a brief review of the key concepts of coherent
state and squeezing state. Based on coherent or squeez-
ing state a unified framework of quantum work statistics
for arbitrary initial state is given in Sec. III. As an appli-
cation we consider a driven two-level system in Sec. IV.
Finally, Sec. V closes the paper with some concluding
remarks.
II. COHERENT STATE AND SQUEEZING
STATE
We begin by reviewing some key concepts of coherent
state and squeezing state, allowing us to define the for-
malism that is used in the rest of our study. The details
of coherent state and squeezing state can be found in the
semina papers [32–36]. Coherent state is an eigenstate of
annihilation operator aˆ with the eigenvalue α, i.e.,
aˆ|α〉a = α|α〉a. (1)
Because aˆ is not a Hermitian operator, α is a complex
number. An expression of |α〉 in terms of the number
state |n〉a is given by
|α〉a = e−|α|2/2
∑
n
αn√
n!
|n〉a. (2)
Since |n〉a = aˆ†√n! |0〉a and exp(−α∗aˆ)|0〉a = |0〉a, coherent
state can then be expressed as
|α〉a = Dˆa(α)|0〉a, (3)
where, |0〉a is the vacuum state with zero photon and
Dˆa(α) = exp(αaˆ
† − α∗aˆ) (4)
is the displacement operator. The displacement operator
Dˆa(α) is a unitary operator, i.e., Dˆ
†
a(α) = Dˆa(−α) =
Dˆ−1a (α), and has the properties Dˆ
†
a(α)aˆDˆa(α) = aˆ + α
and Dˆ†a(α)aˆ
†Dˆa(α) = aˆ† + α∗. Different coherent states
are not orthogonal to each other, i.e.,
a〈α|α′〉a = exp
(
−1
2
|α|2 + α′α∗ − 1
2
|α′|2
)
, (5)
from which it follows that |a〈α|α′〉a|2 = exp(−|α−α′|2).
If α and α′ are quite different, i.e., |α−α′| ≫ 1, then |α′〉a
and |α〉a are nearly orthogonal. Another consequence of
their non-orthogonality is that the coherent states form
an overcomplete basis, i.e.,
1
π
∫
d2α|α〉aa〈α| = I (6)
with I being the identity matrix and d2α =
dRe(α)dIm(α). One of the applications of the overcom-
pleteness relation of coherent state is to calculate the
trace, i.e.,
Tr[ρˆ] =
1
π
∫
a〈α|ρˆ|α〉ad2α. (7)
Coherent state is closet to the classical state because
it is a minimum-uncertainty state, in which the uncer-
tainties of momentum pˆ = 12i(aˆ− aˆ†) and coordinate qˆ =
1
2 (aˆ+ aˆ
†) satisfy ∆q∆p = 1/4 (in fact ∆q = ∆p = 1/2).
In this sense, coherent state can be used to establish the
quantum extension of phase space. To be specific, the
complex plane of α is corresponding to phase space, and
Re(α) and Im(α) are corresponding to the classical co-
ordinate and momentum respectively. We should noted
that Re(α) and Im(α) are not the eigenvalues of qˆ and
pˆ, in fact Re(α) = 〈qˆ〉 and Im(α) = 〈pˆ〉 with 〈qˆ〉 and 〈pˆ〉
being the average of qˆ and pˆ. In the quantum extension
of phase space, the average of a microscopic observable
Fˆ (aˆ, aˆ†) can be written as an integral of the product of a
weight function w(α, α∗) and a function F (α, α∗) which
refers to the operator Fˆ (aˆ, aˆ†),
〈Fˆ (aˆ, aˆ†)〉 ≡ Tr[ρˆFˆ (aˆ, aˆ†)] =
∫
w(α, α∗)F (α, α∗)d2α,
(8)
where ρˆ is the density matrix. This expression is simi-
lar to the phase space integrals in classical statistic me-
chanics. For the normal ordering operator FˆN (aˆ, aˆ
†) =∑
mn cmn(aˆ
†)maˆn, its average can be expressed as
〈FˆN (aˆ, aˆ†)〉 =
∫
P (α, α∗)FN (α, α∗)d2α, (9)
where
P (α, α∗) = Tr[ρˆδ(α∗ − aˆ†)δ(α − aˆ)] (10)
is the P representation. In general, P (α, α∗) is an ex-
tremely singular function. For the antinormal ordering
operator FˆA(aˆ, aˆ
†) =
∑
mn cmnaˆ
m(aˆ†)n, its average can
be expressed as
〈FˆA(aˆ, aˆ†)〉 =
∫
Q(α, α∗)FA(α, α∗)d2α, (11)
3where
Q(α, α∗) =
1
π
a〈α|ρˆ|α〉a (12)
is the Q representation. For the symmetric ordering op-
erator FˆS(aˆ, aˆ
†) =
∑
mn cmn[aˆ
m(aˆ†)n + aˆn(aˆ†)m], its av-
erage can be expressed as
〈FˆS(aˆ, aˆ†)〉 =
∫
W (α, α∗)FS(α, α∗)d2α, (13)
where
W (α, α∗) =
1
π2
∫
d2νTr
[
ρˆ exp[ν(aˆ† − α∗)− ν∗(aˆ− α)]
]
(14)
is the Wigner-Weyl distribution. The Wigner-Weyl dis-
tribution is always a smooth function, but it can take
negative values.
Squeezing state is defined as
|α, ξ〉a = Sˆa(ξ)|α〉a (15)
with
Sˆa(ξ) = exp
[1
2
(ξ∗aˆ2 − ξaˆ†)
]
(16)
being the squeezing operator, where ξ = reiθ is an ar-
bitrary complex number. Squeezing operator Sˆa(ξ) is a
unitary operator, i.e., Sˆ†a(ξ) = Sˆ
−1
a (ξ) = Sˆa(−ξ). Squeez-
ing state |α, ξ〉a is also a minimum uncertainty state
that ∆q∆p = 1/4, but the uncertainty of qˆ or pˆ can
be ∆q < 1/2 or ∆p < 1/2 (depending on ξ), and this is
the meaning of squeezing. From Eq. (3), squeezing state
can be rewritten as
|α, ξ〉a = Dˆb(α)|0〉b = |α〉b, (17)
where Dˆb(α) = exp(αbˆ
† − α∗bˆ) is the displacement oper-
ator and |0〉b = Sˆa(ξ)|0〉a is the vacuum state in the new
representation bˆ = Sˆ(ξ)aˆSˆ†(ξ) = aˆ cosh r + aˆ†eiθ sinh r
and bˆ† = Sˆ(ξ)aˆ†Sˆ†(ξ) = aˆ† cosh r + aˆe−iθ sinh r. In this
sense, the squeezing state in the representation aˆ is the
coherent state in the representation bˆ. The vacuum state
in the representation bˆ is also called squeezing vacuum
state in the representation aˆ.
III. WORK MEASUREMENT SCHEME USING
COHERENT OR SQUEEZING STATE
Now we consider a harmonic oscillator as an auxiliary
detector to probe the work. The Hamiltonian of the aux-
iliary detector is
Hˆa = ~ωa(aˆ
†aˆ+ 1/2), (18)
where ωa is the oscillating frequency of the harmonic os-
cillator. To determine the work, one needs the follow-
ing five steps (see Fig. 1): (1) at time t < −τ , the
(0)a
(0)s
0( )saU
( ')sU t
'( )sa tU
Fig. 1 Schematic representation of work measurement
scheme. Initially, the system and the detector is pre-
pared in ρˆa(0) and ρˆs(0); Then, they are coupled with
each other and evolved by Usa(λ0) through a short time
τ ; After the transient evolution, the coupling is removed
and the work parameter being changed from its initial
value λ0 to the final value λt′ and the system is evolved
by Us(t
′); The system and the detector is recoupled with
each other and evolved by Usa(λt′) through a short time
τ ; Finally, a measurement (the gray triangle) is per-
formed on the detector.
auxiliary detector a and the system s are prepared in a
product state ρˆa(0) ⊗ ρˆs(0). (2) in order to know the
initial system energy, at time t = −τ , a is coupled to s
with the Hamiltonian Hˆsa(λ0) = −gpˆHˆs(λ0), where g is
the coupling strength. Notably, this interaction Hamilto-
nian does not influence the statistics of the initial system
energy. The evolution of the total s + a system is de-
scribed by Uˆsa(λ0) = exp{−i[Hˆs(λ0) + Hˆa+ Hˆsa(λ0)]τ}.
We assume that the time interval τ is short enough, i.e.,
the time interval τ is much shorter than the oscillating
period of the harmonic oscillator and the characteristic
time of the system (satisfying ωaτ ≈ 0 and ωmaxs τ ≈ 0,
where ωmaxs is the maximum transition frequency of the
system). In this case, Uˆsa(λ0) ≈ exp{−iHˆsa(λ0)τ}. (3)
after the transient evolution of the total s + a system,
the coupling is removed at time t = 0, and then a pro-
tocol is performed on s with the work parameter being
changed from its initial value λ0 to the final value λt′ .
(4) after that, a is re-coupled with s with the Hamilto-
nian Hˆsa(λt′) = gpˆHˆs(λt′ ), and the transient evolution
operator is Uˆsa(λt′) ≈ exp{−iHˆsa(λt′)τ}. (5) perform
the measurement (projective or weak) on the detector.
The information of the work is recorded on the measure-
ment results of the detector, and one can obtain the work
statistics through these measurement results.
If the auxiliary detector is initially prepared in a def-
inite position state |q = 0〉, the variation of the internal
energy will change the position of harmonic oscillator,
and the moving distance is proportional to the energy
change, so that the work statistics can be obtained by
measuring the position of the harmonic oscillator [27, 28].
Due to the orthogonality of |q〉, this measurement scheme
is equivalent to TMP, and the initial quantum coherence
is completely destroyed.
In order to including the effects of quantum coherence,
the auxiliary detector is supposed to be initially prepared
4in the squeezed vacuum state
ρˆa(0) = Sˆa(r)|0〉aa〈0|Sˆ†a(r), (19)
where |0〉a is the vacuum state of auxiliary detector,
Sˆa(r) = exp{ r2 [aˆ2 − (aˆ†)2]} is the squeezing operator,
and r ≥ 0 is the squeezing strength (here the squeezing
is performed only in real axis). Because pˆ = 12i (aˆ − aˆ†),
Uˆsa(λt) ≈ exp{−Hˆs(λt)aˆ† + Hˆs(λt)aˆ} = Dˆa(−Hˆs(λt))
(here we let gτ/2 = 1), which can be understood as
the displacement operator acting on the vacuum state
of harmonic oscillator |0〉a can generate the coherent
state depending on the energy level of the system, e.g.
Dˆa(−Hˆs(λt))|0〉a ⊗ |Ent 〉 = | − Ent 〉a ⊗ |Ent 〉 where |Ent 〉
is the nth eigenvectors of Hˆs(λt) with the corresponding
eigenvalue Ent . Dˆa[Hˆs(λt)] acts on the squeezed vacuum
state Sˆa(r)|0〉a will generate the squeezed state whose pa-
rameter depends on the energy level of the system, e.g.
Dˆa[−Hˆs(λt)]Sˆa(r)|0〉a⊗|Ent 〉 = Sˆa(r)D[−erHˆs(λt)]|0〉a⊗
|Ent 〉 = Sˆa(r)| − erEnt 〉a ⊗ |Ent 〉 = | − erEnt , r〉a ⊗ |Ent 〉.
From Eq. (17), we can see that the squeezing state
| − erEnt , r〉a can be considered as the coherent state
| − erEnt 〉b in the representation bˆ = aˆ cosh r + aˆ† sinh r.
After step (4), the state of auxiliary detector is
ρˆa(t
′) =
∑
lmn
ρˆmns (0)UlmU
∗
ln|βlmr 〉bb〈βlnr |, (20)
where, ρˆmns (0) = 〈Em0 |ρˆs(0)|En0 〉, Ulm = 〈Elt′ |Uˆs(t′)|Em0 〉
and βlmr = e
r(Elt′−Em0 ). For closed system, the change of
internal energy corresponds to work, i.e., W = Elt′ −Em0 .
In other words, the work value is proportional to the real
part of the parameter of coherent state |βr〉b, thus the
work can be estimated by
W = Re(βr)/e
r. (21)
According to [Re(βr)]n =∑m=n
m=0 C
m
n
2−n
pi
∫ 〈βr|(bˆ†)n−mρˆa(t′)bˆm|βr〉d2βr =
2−n
∑m=n
m=0 C
m
n Tr{bˆm(bˆ†)n−mρˆa(t′)}, the nth moment of
work is
〈Wn〉 =
∫
P(W )WndW
=
e−nr
2n
m=n∑
m=0
Cmn Tr{bˆm(bˆ†)n−mρˆa(t′)},
(22)
where Cmn =
n!
m!(n−m)! . Because bˆ
m(bˆ†)n−m is the
antinormal ordering operator, Tr{bˆm(bˆ†)n−mρˆa(t′)} =∫
d2βrQ(βr, β
∗
r )β
m
r (β
∗
r )
n−m. In other words,
∫
P (W )WndW =
∫ ∫
dIm(βr)e
rQ(βr, β
∗
r )W
ndW,
(23)
so the quantum work distribution is
P(W ) =
∫
dIm(βr)e
rQ(βr, β
∗
r ). (24)
According to Eq. (20), the quantum work distribution is
P(W ) =
∑
ln
PnPl|nN
(
W
∣∣Et′l − E0n, σ)
+
∑
lmn
m 6=n
ˆ̺mns (0)UlnU
∗
lmN
(
W
∣∣∣Et′l − E
0
m + E
0
n
2
, σ
)
,
(25)
where Pn = ρˆ
nn
s (0) is the initial energy distribution, and
N (W |µ, σ) ≡ exp{−(W−µ)2/(2σ2)}/(√2πσ) is the nor-
mal distribution of W with µ being the average value,
σ =
√
2∆q being the variance or the measurement er-
ror, and ∆q =
√
Tr[ρˆa(t′)qˆ2]− Tr[ρa(t′)qˆ]2 = e−r/2 be-
ing the standard deviation of the position of detector.
̺mns (0) = ρˆ
mn
s (0) exp{−(E0m − E0n)2/(4σ2)} is the off di-
agonal element of the system density matrix after remov-
ing the coupling in step (3). The incoherent work value
W not only depends on the corresponding energy level
transition with Et
′
m − E0n = W , but depends on all the
transitions of the energy level by the Gaussian distribu-
tion form. In other words, the incoherent part of work
probability distribution (25) is a coarse grained version
of the result of TPM where Dirac delta functions have
been replaced by Gaussians with measurement error σ.
The transitions with the energy difference Et
′
m−E0n =W
gives the greatest contribution, and the more detuning
between the work value W and the energy level differ-
ence Et
′
m − E0n the less contribution of this energy level
transition.
From Eq. (25), it can be seen that quantum work
not only depends on the initial energy distribution Pm
but also depends on the interference of the initial en-
ergy levels ρˆmns (0) or quantum coherence. The quan-
tum coherence interference of the initial energy levels
ρˆmns (0) or quantum coherence can be considered as the
information that can be used to perform the work. De-
pending the energy difference (E0m − E0n) between the
initial energy levels |E0m〉 and |E0n〉, their interference
also contributes to the work by the Gaussian distribu-
tion form. The less the energy difference (E0m − E0n)
between the energy levels, the more the contribution of
their interference. For the same energy difference, the
quantum coherence between the energy levels |E0m〉 and
|E0n〉 with Et
′
l − (E0m + E0n)/2 = W gives the greatest
contribution. The uncertainty of the position of the de-
tector makes work distribution imprecise (can not re-
cover the result of the TMP), but can survive some ef-
fects of initial quantum coherence from TPM. For the
precise measurement, i.e., σ = 0, the quantum work
probability distribution is reduced to the result of TPM,
i.e., limr→∞ P (W ) =
∑
mn PnPm|nδ(W − (Et
′
m − E0n))
in which only the transitions with the energy difference
Et
′
m−E0n = W contribute to the work with the value W .
After the Fourier transformation of the quantum work
distribution χ =
∫
dWP (W ) exp(iκW ), the character-
istic function of the quantum work distribution can be
5expressed as
χ = e−κ
2σ2/2Tr
[
eiκHs(λt′ )e−iκHs(λ0)/2̺s(0)e−iκHs(λ0)/2
]
,
(26)
where Hs(λt) = U †s (t)Hs(λt)Us(t) is the system Hamil-
tonian at time t in the Heisenberg picture. If the system
is initially stay at the thermal equilibrium state ρth =
exp{−βH(λ0)}/Z(λ0) with β = 1/(kBT ) being the in-
verse of the temperature T , Z(λ0) = Tr[exp{−βH(λ0)}]
being the partition function, and kB being the Boltzmann
constant, we can obtain the modified Jarzynski equality
(the quantum fluctuation relation) by letting κ = iβ:
〈exp{−βW}〉 = exp{−β∆F} exp
{
β2σ2
2
}
, (27)
where ∆F = kBT ln[Z(λt′)/Z(λ0)] is the variation of the
Helmholtz free energy. This modified Jarzynski equality
is consistent with the result of Ref. [15].
All the moments of the work done can be obtained by
〈Wn〉 = (−i)n∂nχ/∂κn|κ=0. The average work is
〈W 〉 = Tr[Hs(λt′)̺s(t′)]− Tr[Hs(λ0)̺s(0)], (28)
where ̺s(t
′) = Us(t′)̺s(0)U †s (t
′) is the evolution
of the state after the first interaction with the de-
tector. The interaction with the detector will in-
evitably change the system energy, and thus the av-
erage work we obtained includes the effects of the de-
tector [〈W 〉 6= Tr[Hs(λt′ )ρs(t′)] − Tr[Hs(λ0)ρs(0)] with
ρs(t
′) = Us(t′)ρs(0)U †s (t
′)]. If the system is initially stay
at the classical state, the system state can not be influ-
enced by the detector, i.e., ̺s(0) = ρs(0), and the average
work does not influenced by the measurement.
The second order moment of the quantum work is
〈W 2〉 = Tr{Hs(λt′)−Hs(λ0)]2̺s(0)}+ σ2. (29)
The work fluctuation can be expressed as
δW 2 = δ(∆Hs)2 + σ2 (30)
with δ(∆Hs)2 = Tr{Hs(λt′) − Hs(λ0)]2̺s(0)} −
Tr{Hs(λt′) − Hs(λ0)]̺s(0)}2 being the variance of the
change of the internal energy under the influence of the
measurement. From Eq. (30) it can be seen that the
fluctuation of work for our measurement scheme is the
variance of the change of the internal energy under the
influence of the measurement plus the measurement er-
ror.
IV. DRIVEN TWO-LEVEL SYSTEM
As an application, in this section we consider a nuclear
spin system modulated by a radio frequency (rf) field in
the transverse (x and y) directions and investigate the ef-
fects of initial quantum coherence on work distribution.
This nuclear spin system is widely used to experimentally
investigate the quantum work distribution and fluctua-
tion relation [8]. The Hamiltonian of nuclear spin system
is
Hˆs(t) = ν(t)
(
σˆx cos(πt/2T ) + σˆy sin(πt/2T )
)
, (31)
where σˆx = |1〉〈0|+ |0〉〈1| and σˆy = −i|1〉〈0|+ i|0〉〈1| are
the Pauli operators, and ν(t) = ν0(1−t/T )+νT t/T is the
linear ramp of the rf field frequency over time T , from
ν0 to νT , t ∈ [0, T ]. In order to investigate the effects
of quantum coherence, we consider that the nuclear spin
system is initially in the so-called coherent Gibbs state
|ψ(0)〉 =
√
e−βν0/Z0|+〉+
√
eβν0/Z0|−〉, (32)
where |±〉 = 1√
2
(|1〉 ± |0〉) is the eigenvector of σˆx with
the corresponding eigenvalue ±1, and Z0 = e−βν0 + eβν0 .
It should be noted that Z0 is the partition function of
Gibbs state ρG(ν0) = e
−βHˆs(0)/Z0 with temperature 1/β,
and |ψ(0)〉 and ρG(ν0) are energetically indistinguishable
because they have the same diagonal elements, in this
sense, we call parameter β in |ψ(0)〉 the “temperature”
or “effective temperature”.
According to Eq. (25), the work distribution per-
formed by rf field on nuclear spin system is
P(W ) = P+(W ) + P−(W ) + Pc(W ), (33)
where
P±(W ) = e
∓βν0
Z0
|Ui,±|2N
(
W
∣∣νT ∓ ν0, σ)
+
e∓βν0
Z0
|U−i,±|2N
(
W
∣∣− νT ∓ ν0, σ)
(34)
is the work distribution for the energy level |±〉, and
Pc(W ) = 2e
−
ν2
0
σ2 Re(Ui,+U
∗
i,−)
Z0
[
N (W |νT , σ)−N (W |−νT , σ)
]
(35)
is the work distribution induced by the initial quantum
coherence. In above equations, U±i,± = 〈±i|U(t)|±〉,
| ± i〉 = 1√
2
(|1〉 ± i|0〉) is the eigenvector of σˆy
with the corresponding eigenvalue ±1, and U(t) =
←−
T exp[−i ∫ T0 Hˆs(t)dt] is the time evolution operator
which needs to be calculated numerically. Fig. 2 shows
work distribution for different evolution period T . From
Fig. 2 we can see that for the quench process T =
0.01ν−10 and adiabatic process T = 100ν
−1
0 , the initial
quantum coherence has no effect on work distribution,
but for the finite process T = ν−10 the initial quantum
coherence can make a significant contribution to work
distribution. Interestingly, for the finite level and closed
system we considered, the work distribution performed
by an adiabatic process is still Gaussian (see Fig. 2(c)),
which is different from the result in Ref [42, 43], where
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Fig. 2. (Color online) Work distribution P(W ) (red dashed curve) and the corresponding incoherent part P+(W ) + P−(W )
(black solid curve) for (a) T = 0.01ν−10 , (b) T = ν
−1
0 and (c) T = 100ν
−1
0 . For panels (a) and (c), P(W ) and P+(W )+P−(W )
are coincide with each other. For all the panels, νT = 1.8ν0, σ = ν0, β = 0.01ν
−1
0 and ν0 = 1.
the system interacts with an environment. For the Gaus-
sian work distribution, the work fluctuation is completely
determined by the modified fluctuation-dissipation theo-
rem:
〈Wirr〉 = 12β(δW 2 − σ2) = 12βδ(∆Hs)2, (36)
where 〈Wirr〉 = 〈W 〉 − ∆F is the irreversible work,
∆F = −β−1 ln ZTZ0 is the difference of free energy with
ZT = exp[−βνT ]+exp[βνT ]. It should be noted that our
fluctuation-dissipation theorem connects the irreversible
work and the fluctuation of internal energy change af-
ter work measurement, which is different from the tradi-
tional fluctuation-dissipation theorem 〈Wirr〉 = 12βδW 2
in Refs. [44], but for a closed system they are consistent
with each other. The traditional fluctuation-dissipation
theorem is obtained by TPM in which initial quantum
coherence is destroyed, our fluctuation-dissipation the-
orem is derived by the single measurement scheme, in
which the initial quantum coherence is can be partially
preserved by introducing the measurement error. And
the measurement error is finally removed in the modified
fluctuation dissipation theorem (36).
Now we investigate the average work (the first moment
of work) and the work fluctuation (the second moment
of work). The average work can be expressed as
〈W 〉 = 〈W+〉+ 〈W−〉+ 〈Wc〉, (37)
where
〈W±〉 = e
∓βν0
Z0
|Ui,±|2(νT ∓ ν0)− e
∓βν0
Z0
|U−i,±|2(νT ± ν0)
(38)
is the average work for the energy level |±〉, and
〈Wc〉 = 4
Z0
e−ν
2
0/σ
2
Re(Ui,+U
∗
i,−)νT . (39)
The incoherent part of average work 〈W+〉 + 〈W−〉 is
shown in Fig. 3(a). We can see that the amount of inco-
herent work is related to the driving velocity 1/T or the
driving period T . If Tν0 < 1, rf field will perform the pos-
itive work, but if Tν0 > 1, rf field will perform negative
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Fig. 3. (Color online) (a) Incoherent work 〈W+〉+〈W−〉
(black curve) and the fluctuation of the difference of in-
ternal energy 1
2
βδ(∆Hs)
2 (red curve) and (b) coherent
work 〈Wc〉 (olive curve) as functions of evolution period
T . νT = 1.8ν0, σ = ν0, β = 10
−2ν−10 and ν0 = 1.
work on the nuclear spin system. We also plot the fluctu-
ation of the difference of internal energy 12βδ(∆Hs)2 (see
red curves). The fluctuation of the difference of internal
energy is the biggest for the quench process, and it will
be reduced by decreasing the driving velocity, until to the
least for the adiabatic process. This can be understood as
follows: besides internal energy quench process can also
provide the extra energy that can fluctuate the internal
energy of the system most significantly; on the contrary,
the adiabatic process only provides the internal energy
change, and can not fluctuate the internal energy of the
system. The fluctuation of the internal energy change
for the adiabatic process is only determined by the ini-
tial state. Interestingly, the behavior of 〈W+〉+ 〈W−〉 is
similar to that of fluctuation of the difference of internal
energy 12βδ(∆Hs)2, which means that the fluctuation of
the difference of internal energy is mainly determined by
incoherent work.
7The coherent part of work is shown in Fig. 3(b). It
can be seen that the coherent work for an adiabatic pro-
cess ν0T ∼ ∞ is zero. That is because adiabatic process
can not induce energy level transition, thus initial quan-
tum coherence can not be used to do work. The coherent
work for the quench process ν0T ∼ 0 is zero too because
the time of quench process is much shorter than the en-
ergy level transition time, initial quantum coherence has
no time to contribute work. Only when the driving time
matches the transition time of energy level, for the nu-
clear spin system we considered it is T ≈ ν−10 , does initial
quantum coherence contributes work significantly.
V. CONCLUSIONS
In this paper, we extended the traditional TPM and
proposed a unified framework of quantum work statis-
tics for arbitrary initial state (including quantum coher-
ence). Specifically, we considered a harmonic oscillator
with coherent state or squeezing state as a detector. The
momentum of detector is coupled to the system Hamil-
tonian, and then the real part of the coherent state pa-
rameter of the detector will be linearly changed by the
change of system energy, thus the work can be directly
estimate a single quantum measurement of the coherent
state of the detector at final time. The resulting work
probability distribution is positive and can be reduced
to the result of TPM. To be specific, the incoherent part
of our work probability distribution is the coarse grained
version of the result of TPM where Dirac delta func-
tions have been replaced by Gaussians. The uncertainty
of our measurement scheme protects some effects of ini-
tial quantum coherence. Our measurement scheme can
be experimentally realized by using an atom chip ma-
nipulating a falling cloud of 87Rb atoms obtained from
a BEC, in which the system is represented by the sub-
space associated with the Zeeman sublevels of 87Rb atom
that behaves as a two-level system, the motional degree
of freedom of the atom plays the role of the detector
[13, 26, 45]. Finally, we also considered a driven two-
level system as an example, and found that only when
the driving velocity matches the transition frequency of
the system can initial quantum coherence play an impor-
tant role.
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